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Abstract
LetG=(V ,E) be a graph, a vertex labeling f : V → Z2 induces an edge labeling f ∗ : E → Z2 deﬁned by f ∗(xy)=f (x)+f (y)
for each xy ∈ E. For each i ∈ Z2, deﬁne vf (i)=|f−1(i)| and ef (i)=|f ∗−1(i)|. We call f friendly if |vf (1)− vf (0)|1. The full
friendly index set of G is the set of all possible values of ef (1) − ef (0), where f is friendly. In this note, we study the full friendly
index set of the grid graph P2 × Pn.
© 2007 Elsevier B.V. All rights reserved.
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1. Basic properties
In this paper, all graphs are assumed to be loopless and contain no isolated vertices, and the term “labeling” means
a vertex labeling whose codomain is Z2. All undeﬁned notations and concepts may be looked up from [1].
Let G = (V ,E) be a (p, q)-graph, that is, |V | = p and |E| = q. A labeling f : V → Z2 induces an edge labeling
f ∗ : E → Z2 deﬁned by f ∗(xy)=f (x)+f (y) for each xy ∈ E. A vertex v is called a k-vertex if f (v)=k. Similarly,
an edge e is called a k-edge if f ∗(e)= k. For each i ∈ Z2, deﬁne vf (i)= |f−1(i)| and ef (i)= |f ∗−1(i)|. A labeling f
is said to be friendly if |vf (1) − vf (0)|1.
For a friendly labeling f of a graph G, we deﬁne the friendly index of G under f as if (G) = ef (1) − ef (0). The set
FI(G) = {|if (G)| : f is a friendly labeling of G}
is called the friendly index set of G, a concept introduced in [2]. We extend it to
FFI(G) = {if (G) | f is a friendly labeling of G},
and call it the full friendly index set of G.
In this paper, we determine the full friendly index set of the grid graph P2 × Pn. First, we need a few preliminary
results.
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Lemma 1. Let f be any vertex labeling of a graph G such that deg(v) is even whenever f (v) = 1. Then ef (1) is even.
Proof. This follows from
ef (1) =
∑
e∈E
f ∗(e) =
∑
v∈V
deg(v)f (v),
where V is the vertex set of G. 
Corollary 2. Let G be a graph such that the degrees of its vertices are even. Then ef (1) is even for any vertex
labeling f.
Lemma 3. Let G be a (p, q)-graph. Then FFI(G) ⊆ {2i − q | 0 iq}.
Proof. Let f be a friendly labeling of G. If ef (1) = i, then ef (0) = q − i. Hence if (G) = 2i − q. 
Corollary 4. If G is connected of order greater than 1, then FFI(G) ⊆ {2i − q | 1 iq}.
Proof. Let f be a friendly labeling of G. Since G is connected of order greater than 1, there exist adjacent vertices
x, y ∈ V (G) such that f (x) = 1 and f (y) = 0. Thus ef (1)1. The corollary follows immediately. 
Corollary 5. Let f be a labeling of a graph G that contains a cycle C as its subgraph. If C contains an 1-edge, then
the number of 1-edges in C is a positive even number.
Proof. Let g be the restriction of f on the cycle C, then we have eg(1)1. Corollary 2 asserts that eg(1)= 2j for some
j1. 
Corollary 6. For n3, FFI(Cn) ⊆ {4j − n | 1j n2 }.
Proof. Let f be a friendly labeling of Cn. Corollaries 5 and 4 imply that ef (1)=2j , where 22jn. Hence if (Cn)=
4j − n, where 1j n2 . 
Corollary 7. If G is 2-connected of order greater than 1, then FFI(G) ⊆ {2i − q | 2 iq}.
Proof. Let f be a friendly labeling of G. Since G is of order greater than 2, there exist two vertices x, y ∈ V (G)
such that f (x) = 1 and f (y) = 0. Applying Corollary 6 to the cycle that contains x and y, we ﬁnd ef (1)2, thereby
completing the proof. 
Lemma 8. If G is a 2-connected bipartite (p, q)-graph with p2, then ef (0) = 1. Hence q − 2 /∈FFI(G).
Proof. Let f be a friendly labeling of G. Any cycle C in G must be an even cycle. Since the number of 1-edges in C is
even, so is the number of 0-edges in C. Hence ef (0) = 1. 
Let A and B be two subsets of Z, and let s and t be two positive integers. Deﬁne sA+ tB ={sa+ tb | a ∈ A, b ∈ B}.
Proposition 9. Let H be a (pH , qH )-graph and K be a (pK, qK)-graph. Then
pKFFI(H) + pHFFI(K) ⊆ FFI(H × K),
where H × K denotes the Cartesian product of H and K.
Proof. Let G = H × K , and let h and k be friendly labelings of H and K, respectively. Deﬁne f (x, y) = h(x) + k(y)
for (x, y) ∈ V (H) × V (K). Then
vf (0) = vh(0)vk(0) + vh(1)vk(1)
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and
vf (1) = vh(1)vk(0) + vh(0)vk(1).
Then
|vf (1) − vf (0)| = |(vh(1) − vh(0))(vk(1) − vk(0))|1.
Hence f is a friendly labeling of G. For the edge (x, y1)(x, y2) ∈ E(G) where y1y2 ∈ E(K),
f ∗((x, y1)(x, y2)) = k(y1) + k(y2) = k∗(y1y2).
Likewise, for the edge (x1, y)(x2, y) ∈ E(G) where x1x2 ∈ E(H),
f ∗((x1, y)(x2, y)) = h(x1) + h(x2) = h∗(x1x2).
Hence if (G) = ih(H)pK + ik(K)pH . Therefore, pKFFI(H) + pHFFI(K) ⊆ FFI(H × K). 
Proposition 10. Let H be a (pH , qH )-graph with a friendly labeling h, and let K be a (pK, qK)-graph. If pH is even,
then ih(H)pK − qKpH ∈ FFI(H × K).
Proof. Let G=H ×K . Let k be any labeling of K. Deﬁne f as in the proof of Proposition 9. Since vh(1)− vh(0)= 0,
we also have vf (1) − vf (0) = 0. Thus f is a friendly labeling of G, and
if (G) = ih(H)pK + ik(K)pH = ih(H)pK + (2ek(1) − qK)pH .
In particular, if we choose k to be the zero labeling, then ek(1) = 0. We obtain if (G) = ih(H)pK − qKpH . 
2. Some tools and examples
Let A be the graph depicted below.
Lemma 11. Let A be deﬁned above and assume that the vertices u and v are pre-labeled. For c ∈ {−2, 0, 2}, the
pre-labeling can be extended to a labeling g of A such that ig(A) = c and g restricted to the subgraph induced by u1,
u2, v1 and v2 is friendly.
Proof. Suppose u and v have been labeled by a and b, respectively. If a = b, deﬁne g as follows
If a = b, deﬁne g as follows
The result follows immediately. 
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Salehi and Lee [4] proved that FI(Pn) = {n − 1 − 2i | 0 i(n − 1)/2}. It is easy to deduce from its proof the
following result.
Theorem 12. For n2, FFI(Pn) = {2i − n + 1 | 1 in − 1}.
Example 1. Theorem 12 yields FFI(P2) = {1}. It follows from Propositions 9 and 10 that {0, 4} ⊆ FFI(P2 × P2).
From Corollary 6, we know FFI(C4) ⊆ {0, 4}. Since C4P2 × P2, we conclude that FFI(C4) = {0, 4}. This agrees
with the known result about FI(Cn) that has been found by Lee and Ng [3].
We now discuss the full friendly index set of P2 ×Pn for some special values of n. We name the vertices on the two
paths as u1u2 . . . un and v1v2 . . . vn, as indicated in the ﬁgure displayed below.
We shall call the square uiui+1vi+1vi the ith square, the edge uivi the ith vertical edge, and the edges uiui+1 and vivi+1
the ith upper and lower edges, respectively. Let V2 and V3 denote the set of vertices of degree 2 and 3, respectively.
Example 2. ConsiderP2×P3. Corollary 7 and Lemma 8 imply that FFI(P2×P3) ⊆ {−3,−1, 1, 3, 7}. From Theorem
12, we have FFI(P2) = {1} and FFI(P3) = {0, 2}. Using Proposition 9, we ﬁnd {3, 7} ⊆ FFI(P2 × P3). Label u1 and
v1 with 0 and 1, it follows from Lemma 11 that {−1, 1, 3} ⊆ FFI(P2 × P3).
It remains to verify whether −3 ∈ FFI(P2 × P3). Suppose it does, then there exists a labeling f of P2 × P3 with
ef (1)= 2. From Corollary 5, we know that these two 1-edges must lie in the same square, which we may assume is the
ﬁrst square. This in turn implies that all four edges in the second square must be 0-edges. Hence u2, u3, v2 and v3 have
the same label, which makes f unfriendly. Thus FFI(P2 × P3) = {−1, 1, 3, 7}; consequently FI(P2 × P3) = {1, 3, 7}.
Example 3. Consider the graph P2 × P4. According to Corollary 7 and Lemma 8, we have FFI(P2 × P4) ⊆
{−6,−4,−2, 0, 2, 4, 6, 10}. From Theorem 12 we ﬁnd FFI(P2) = {1} and FFI(P4) = {−1, 1, 3}. Hence, accord-
ing to Proposition 9, {2, 6, 10} ⊆ FFI(P2 × P4). Since P4 is of even order, Proposition 10 asserts that {−6,−2, 2} ⊆
FFI(P2 × P4). Label the ﬁrst cycle u1u2v2v1 with a friendly labeling such that u2 and v2 are labeled differently.
Applying Lemma 11, we conclude that {−2, 0, 2, 4, 6} ⊆ FFI(P2 × P4).
It remains to verify whether −4 ∈ FFI(P2 ×P4). Suppose it does, then there exists a labeling f of P2 ×P4 such that
ef (1) = 3. Since
ef (1) =
∑
v∈V
deg(v)f (v) ≡
∑
v∈V3
f (v) (mod 2),
we determine that V3 contains an odd number of 1-vertices.
If V3 contains only one 1-vertex; due to symmetry, we may assume it is u2. Then f (u3) = f (v2) = f (v3) = 0 and
f ∗(u2u3)=f ∗(u2v2)=1. We deduce from Corollary 5 that the last 1-edge must lie in the path u2u1v1v2, which forces
f (u4) = f (v4) = 0. This labeling f cannot be friendly.
If V3 contains three 1-vertices; due to symmetry, we may assume they are u3, v2 and v3. Then f (u2) = 0. A similar
argument leads to the same conclusion that f cannot be friendly either.
Therefore, we ﬁnd FFI(P2 × P4) = {−6,−2, 0, 2, 4, 6, 10}, and FI(P2 × P4) = {0, 2, 4, 6, 10}.
3. Full friendly indices of grids
Lemma 13. For n2, there exists no friendly labeling f of P2 × P2n with ef (1) = 3.
Proof. Suppose there exists a friendly labeling f of P2 × P2n with ef (1) = 3. In accordance to Corollary 5, the three
1-edges must occur in two adjacent squares, say the ith and the (i + 1)st squares, and at least one of the three 1-edges
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is vertical. Since all other edges are 0-edges, f (uj ) = f (ui) for each j i, but f (uj ) = f (ui+2) for each j i + 2,
and similar results hold for f (vj ). Assume f (vi+1) = k, and let k′ = 1 − k.
Case 1: There is only one vertical 1-edge, which must be ui+1vi+1. If uiui+1 and ui+1ui+2 are the other two 1-edges,
then f (ui+1)= k′ and all other vertices are k-vertices. If uiui+1 and vi+1vi+2 are the other two 1-edges, we must have
f (ui+1) = k′ and
f (uj ) = f (vj ) =
{
k if j i,
k′ if j i + 2.
In both subcases, f cannot be friendly. The other two cases are similar.
Case 2: There are two vertical 1-edges, both of which belong to the same square. Due to symmetry, we may assume
the vertical 1-edges are uivi and ui+1vi+1, and the other 1-edge is ui+1ui+2. Then ui and ui+1 are the only k′-vertices
in the two adjacent squares. This forces f (uj ) = k′ and f (vj ) = k for all j < i, which would produce more 1-edges.
This is impossible, unless i = 1. Now f (uj ) = f (vj ) = k for all j i + 2, implying that f is not friendly.
Case 3: All three vertical edges are 1-edges. Then f (uj ) = k′ and f (vj ) = k for all j, hence ef (1) = 2n> 3, which
is not possible. Therefore no friendly labeling could have ef (1) = 3. 
Theorem 14. For n1,
FFI(P2 × P2n) = {2i + 2 − 6n | 2 i6n − 2, i = 3, 6n − 3}.
Proof. Induct on n. The assertion is true for n = 1, 2, see Examples 1 and 3. Assume it is true for n − 1, where n3.
We deduce from Lemma 11 that
{2i + 2 − 6(n − 1) + 2c | 2 i6(n − 1) − 2, i = 3, 6(n − 1) − 3,−1c1}
= {2i + 2 − 6n | 4 i6n − 4}
⊂ FFI(P2 × P2n).
Proposition 9 implies 2n × 1 + 2 × (2n − 1) = 6n − 2 ∈ FFI(P2 × P2n). By letting H = P2n, K = P2 and choosing h
such that ih(H) = 3 − 2n in Proposition 10, we ﬁnd 6 − 6n ∈ FFI(P2 × P2n). The induction can now be completed
by applying Lemma 13 and Corollary 7. 
Corollary 15. For each n1,
FI(P2 × P2n) = {2i | 0 i3n − 1, i = 3n − 2}.
Lemma 16. If n1, then {5 − 6n, 7 − 6n} ⊂ FFI(P2 × P2n+1).
Proof. This is equivalent to showing that there exist friendly labelings f and g with ef (1) = 3 and eg(1) = 4. Deﬁne
f (ui) = 1 for 1 in, f (vj ) = 1 for 1jn + 1, and f (w) = 0 for all other vertices w. Deﬁne g(ui) = 1 =
g(vi) for 1 in, g(u2n+1) = 1, and g(w) = 0 for all other vertices w. It is easy to verify that f and g meet the
requirements. 
Theorem 17. For each n1,
FFI(P2 × P2n+1) = {2i − 1 − 6n | 3 i6n + 1, i = 6n}.
Proof. Induct on n. The assertion is true when n = 1, see Example 2. Assume the assertion is true for n − 1, where
n2. Using Lemma 11, we ﬁnd
{2i − 1 − 6(n − 1) + 2c | 3 i6(n − 1) + 1, i = 6(n − 1),−1c1}
= {2i − 1 − 6n | 5 i6n − 1}
⊂ FFI(P2 × P2n+1).
From Proposition 9, we ﬁnd (2n + 1) × 1 + 2 × 2n = 6n + 1 ∈ FFI(P2 × P2n). Combining it with Lemma 16, we
obtain the assertion. 
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Corollary 18. For n1,
FI(P2 × P2n+1) = {2i + 1 | 0 i3n, i = 3n − 1}.
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